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Stability Analysis of Interconnected Deformable
Bodies with Closed-Loop Configuration

Ph. Boland,* J. Cl. Samin,* and P.Y. Willemst
University of Louvain, Louvain-la-Neuve, Belgium

The rotational equations of a system of interconnected deformable bodies with closed-loop conifiguration are
derived from the virtual work principle. They yield equilibrium conditions and after linearization necessary and
sufficient stability criteria are obtained at least in presence of complete damping.

Introduction

N a previous paper, the dynamics and the stability

of a system of interconnected deformable bodies in
a topological tree configuration were investigated.! The
results obtained in that paper will be extended to systems in-
cluding closed loops of bodies according to ideas developed in
a previous communication.? At first glance, the general
model presented here may appear to be academic but it is of
immediate practical importance, and it may be used to in-
vestigate the dynamical behavior of mechanisms,
manipulators, spacecraft, and all kinds of vehicles.

The problem has not been treated as such in the literature,
but one must mention a paper by Ossenberg-Franzes? which
considers interconnected closed loops of rigid bodies when
there exists at least one translational degree of freedom in
each loop. In the present paper, no such restriction has been
assumed. The system is put into correspondence with a
topological graph, the bodies being considered as vertices and
the joints as oriented arcs. The now classical tree con-
figuration can be recovered when a number of arcs equal to
the cyclomatic number of the graph are cut. The forces and
torques in the cut arcs which are necessary to satisfy the
closed-loop constraints will be considered as additional
unknowns and a complete system of equations (partially dif-
ferential, partially algebraic) will be obtained by adjoining the
kinematical loop equations to the dynamical equations of the
associated tree.

These equations can be derived from any standard method,
but, as in Ref. 1, we preferred to use the Alembert virtual
work principle as it permits us to directly derive the equations
in a suitable form for our stability investigation. By an ap-
propriate treatment of the constraint equations, these can also
lead to a purely dynamical system of equations.

Complementary System Description

In this paper the graph associated with the system contains
closed loops and is not necessarily planar. Even if the in-
cidence matrices S and S can still be defined as previously, the
matrix 7 is now indeterminate for elements belonging to a
closed loop. If we cut a number of arcs equal to the
cyclomatic number of the graph, we can associate a
topological tree to the system, and for this tree the matrix 7
can be defined in terms of the corresponding elements 7.

To make a clear difference between the arcs of the
associated tree and the arcs that have been cut, the indices a,
b, c,... will be used for the arcs of the tree and the indices v,
Y1, ¥3» --. for the arcs that have been cut. Each cut arc v,
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corresponds to a unique loop also denoted +y;, which consists
of this arc v, and a path of the tree (Fig. 1). It may be noted
that these loops are kinematically independent and that the
kinematical relations relative to any other loop of the graph
may be expressed as a linear combination of the similar
relations pertaining to the previously mentioned set of loops.
Denoting by y* the body of the loop which, in the associated
tree, is on the path between the reference body and all the
other bodies of loop v, useful additional graph arrays can be
constructed. )

An element R %Y of the matrix R is equal to 1 (— 1) when arc
a belongs to loop v and has the same (opposite) orientation in
loop as arc v. This element vanishes when a does not belong to
loop v (see Fig. 2).

For arcs @ and b of the loop v, the element P%v of the
tridimensional array P: a) is equal to 1 if b is on the minimum
path between a and y which does not contain y*, b) to —1if b
is on the minimum path between a and y* which does not con-
tain v, and ¢) to zero when «¢ and b coincide and in all other
cases. In similar conditions, the element Q% of the array Q is
equal to 1 when ¢ and b are on two different minimum paths
between -y and y* and zero otherwise. If @ or/and b do (es) not
belong to the loop + the elements P9 and Q% are equal to
Zero.

From these definitions, it can be easily checked that the
following relations hold:

Ra‘yTbPab'ysz'yTaPaby (la)
Ra'yTan'ybz —R b'yTaQa'yb (lb)
E TeSH = — Ray (1c)

i

This last relation can be used to check the input graph matrix
R and can be related to previous results The matrix 7 is the
left pseudo-inverse of S for the graph; for graphs including
closed loops the relation between S and the matrix 7 of the
associated tree becomes 7S= [E, —R]. A fourth relation in-
volving the modified mass matrices of the tree will also be
used. This relation is

E S"mia= —mR
7

Closed loop Y, :Ll.,n.m
Closed loop Y, :
Closed loop Y, : mt,j

Fig.1 Arc cutting in closed loops.
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Fig.2 Example of graph arrays for a closed loop.

Indeed if @ belongs to the loop, for every i,
Shm¥P = —miRa ?)

and if @ does not belong to the loop, the modified mass is the
same for the two bodies adjacent to v, and R is equal to
Zero.

Equations of Motion

Our goal is to obtain the equations of motion in a classical
form that is suitable for simulation and stability analysis. The
presence of loops implies kinematical constraints, and we will
derive a system which is equivalent to the Lagrange equations
of the system. ’

To somewhat simplify the formalism and also to restrict the
total number of equations to be considered, we will assume
that the cut arcs are rigid, i.e., that the corresponding relative
translations and rotations, as well as their virtual changes, are
identically equal to zero. These variables will not appear in the
equations and further the kinematical constraints of the loops
will thus be expressed in terms of the variables defined for the
associated tree. It should be noted that we can assume the
existence of such a rigid joint without lack of generality. In-
deed if the physical system does not include such a joint it can
be added together with an additional massless body.

To maintain the equivalence between the original system
and the tree configuration, the forces and torques in the cut
arcs must be considered as external forces and torques and
they will appear in the equations as additional unknowns.
These forces and torques act with opposite signs on the bodies
adjacent to y and their values are thus given by S”F7 and §%
L. They do not produce work if the constraints are satisfied,
and the complete set of equations will consist of the equations
of the tree and the constraint equations of the loops. They
form a set of equations with an equal number of unknowns
and can then be solved.

The constraints being algebraic, in principle, can be solved
and by using their solution in the virtual work principle, the
Lagrange equations of the complete system are obtained. Ex-
cept in particular cases, such as presence of free joints or of
hinge connected two-dimensional systems, the solution of the
kinematical constraints presents difficulties at the level of
computation, and here this last step will be avoided in the
derivation of nonlinear equations. In the case of linearized
equations the problem will turn out to be quite simple and the
Lagrange equations can then be derived for any system.

The virtual work principle can be expressed as
E S oToeidv+ E Fe . [X9] Tz

v Dorra e B (| o st
- 8(R+p'+p’) dm+ Y, RS - (84i+58y5)

is
E Fv -
Y

Y. 8(R+pi+pi+Sizy)sh
2 Lv -
"

Y (3yi+ey)Sh=0 ©)
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In Eq. (3) we have included zjas it can be interesting to con-
sider constant distances between the attachment points of two
adjacent bodies even if there i$ no relative translation in the
corresponding joint.

For an equivalent tree configuration, all the virtual
displacements can still be expressed in terms of the in-
dependent variables 6R, 8y, 6y, 6z¢, 83, the total number of
variables being equal to the total number of degrees of
freedom of the tree and also of the physical configuration.

The equations of translation and rotation of the complete
system are obtained by equating to zero the coefficients of 6R
and 8y. As expected these equations do not explicitly contain
terms due to presence of closed loops but such terms are
present in the other equations. Expressing the various virtual
displacement in terms of the virtual changes of the variables,
the additional terms due to the closed loops are

— Y SW( Y, TYbli+Tépi+ TeaShzy) xF

Ly J
E Si'y TaiL ¥
iy
for the rotational equation of joint a.
Using the relations (1), these terms can simply be written as

Y RO XFY+LY)

¥

whgre 47 is the vector joining the tip of ¢ to the tip of z§.
Similarly, the additional terms of the translational
equations of the joint ¢ are

Y suSiE(m ],/ myF
Ly
or using Eq. (2)
E ROF™
.
Finally in the deformation equations these terms are

ad
E Ska[L] q;.ka [Xk] Rn’y(eany7+L-y)

v.a

— E SwSka(mm/m) [Tﬁk :!T [X'ﬁ] . F

i,ya

+

E ShrSka(m ia/m) |: _M :lT¢kaT[Xﬁ] -Frxzd4
Bk -

Ly,a
. auky
+ E Sk I: ;k__

+ E Skyl: 66" :|‘I)k7 [Xk] - (Skvgv X FY+ L)

]T[Xﬁ] -Fv

Introducmg these results, the equation of motion can now be
written as

E prp’dm+ E mibix bk

i ij.k

+ ) hs— E prf'dm— Yo bUXFI=0 (4a)

i Lj

- E Tbigp x pidm — E Tbimibix bk

ij.k

E Thip s 4 E Tb'S{p"Xf"dm

+ Y, TUBIXFi— Y, ROY(L7+{"xFY)=~L" (4b)

) Y
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E mr;a(b~-ia+ ,;_Fi)_ E ROWFYy= —F¢a

i Y

(4c)

S" 3B€Ei ]T"id"”sf nga ]T[XL]-U"—p"')dm

« ¥ [Z e e

g’
o du'@ o
- ) se 36 ]T[X’Q'F"
a7 o 5.
— E Sia 661 ]‘910 [X;] . (La+SlazaxFa)
~— I‘Y o
L
> L
_ E S”[ ‘;9;37 ]Tg,ivT[j(g] . (L7+§f7z7xF7)=0
! ) ‘ (4d)

The equations corresponding to the virtual changes dy“ and
6z have an immediate physical interpretation. They are the
rotational and translational equations of the subsystem
located “‘behind”’ z4, when joint @ (and v) has been cut. For
such a system, F¢ and L“ are ‘‘external’’ forces and torques,
and these equations thus represent the balance of forces and
torques about joint ¢ for such a subsystem. The constraint
equations can be simply written as

¢ =0 5)
AN=E (6)

The first constraint implies that the vector joining the two ex-
tremities of joint v (and expressed in terms of the correspon-
ding tree parameters and variables) is equal to zero. The
second implies that the product of the various frame trans-
formation matrices encountered in the loop is .an identity
matrix. The first constraint can easily be solved for some of
the components of z9 vectors but the second constraint can
only be solved in terms of a particular transformation matrix.

Equilibrium Configuration and
Linearized Equations

Here too we will say the system is in equilibrium when its
reference frame has the same angular velocity w, as the
nominal frame and when all the other variables, including the
forces and torques in the cut arcs, are constant. The values of
all the vectors and matrices evaluated at this state will be
denoted by the subscript o.

In matrix notation and with the previously adopted con-
ventions, the equilibrium conditions can now be written as

(5010(.00‘*‘(50]’10— E ﬁbF{)
i

- L | wriam=0 ™

i

— Y T9m*bifGoaunaus byt — E TokGohk
Lk kr

Y, TeBEFL+ Y, TafS_xffgdm
ik i !

+

1

Y mi(G,Gebi+(I/mFY)— Y, R@Fy=—F§ ©®

i k4

Y RO(Ly+E Fy)=—L§ ®)
-
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aéi . T o
J, [ Joosav= |, wirian
+ S Wi &o@oXidm + E Vil @ohi

- X sewpTFs- ) seviTLs
+SuzaFn— Y, SOwi'Fy

¥

—~ Y, soviTwy+SnzyFs) =0 (10)
"

Ay =E 11

07 =0 (12)

This set of algebraic equations permits the equilibrium syn-
thesis of the system to perform.

To obtain the equations in a form suitable for stability
analysis, the linearized matricial Lagrange equations of the
corresponding tree, and the linearized constraint equations
are derived. The dynamical equations are obtained from the
results of Ref. 1 and the constraints are written under the
form

_ E RovSiapia_ E Shvpiv=0 (13)
a,i i

_ E Rbv9b — E ROk VKb gk
b b,k

- Y skvkgk=0 (19
k

where b and b still have to be developed in terms of tree
variables.

To prove the symmetry of the results and to obtain sim-
plified expressions, the loop relations (13) and (14) are com-
bined with some of the terms of the equation of the tree.

In particular, we make use of the relations

IRbYIgby= IR™Y| { —¥3 Y, (Pbar
a,i
+ Q) raSiapia v Y ISP 1Yy Y ISH b

[where the expression of 7 in the tree has been combined
with Eq. (5)] and of the relation

IRMYIA ALY = IRMI(E+ Y5

E (T”P”bV—T”Q‘"’b-l-a”b)é"-i'l/z

a

Y skagrapay—1°QM+6) [ VB T
a,k

+15 Y, ISR [VEgK) T
k

— ) Se[viskl Ak
k

where the expression of ¢27 in the tree has been combined with
the “‘tilde?” version of Eq. (14).

For the same reason, vanishing terms are added to the left
hand side of the deformation equations; these terms are

ve Y ISMVE (AT —E) L3+ mFy] +1 Y ISh (W’

v Y

+8mvi"73) (A —E)F3=0

This identity being trivial from Egs. (5) and (6).
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If the constraints are written in a differential form, it can be
seen from the structure of the equations that /¥ and L~ are
the Lagrange multipliers corresponding to Egs. (5) and (6),
respectively.

If x, is the state vector,

x,=16 TG”TZ”TBlT] T
and A the vector of the Lagrange multipliers,
): [F'}/TL'}/T] T

Fr and L" being the perturbations of F¥ and L7 around
their equilibrium value, the linearized dynamical equations of
the tree are given under the form

M %+ G5+ Kpx + K ;A =0 (15)

where M, and K ,; are symmetrical matrices, and G,; is a
skew symmetric matrix, and the linearized constraints can
then be expressed as

Kyx,;=0 (16)

From the properties of Lagrange multipliers, the matrix K ;, is
equal to K7, and the systemn (5) and (6) can then be written un-
der the more compact form

M3+ Gx+Kx=0 an

where x=[xI\T] 7, M=MT", G=-G7, and K=KT. These
properties are expected as the equations are equivalent to
Lagrange equations.

Stability Analysis

The asymptotic stability of a system cannot be determined
from the stability of the linearized system (17) as the matrix M
is not positive definite. Nevertheless, the system is equivalent
to a reduced system which can be used for stability in-
vestigations.

To obtain such a system, the linearized constraints are
solved in terms of some variables; these variables are then
replaced by their expression in the equations, and the

Lagrange multipliers are eliminated from the remaining
equations.

If the system (17) is partitioned as
M, M, 0 G Guw 0
M

vu

0 0 0 0 0 0

Kuu Kul) A Z

withx=[uTvTAT]T.
The matrix A, being a regular (square) matrix (such a
matrix can always be obtained as the constraints are in-

dependent), the solution of the third row provides v as a func-
tion of u,

v=—A;'A u=Bu
and the equivalent system is then given by

M'i+G'i+K u=0
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with
M’'=M,, +M,B+B™, +B"M, B

and similar expressions for G’ and K’. The Hamiltonian-
H=Y%u"™"u+'%uTK'u can then be used as testing func-
tion.

If damping is introduced and if the damping is complete,
the system will be asymptotically stable when H is positive
definite, and the system will be unstable when H can have
negative values. It is clear that the damping is not complete
for freely spinning systems. In this case, integrals of motions
corresponding to the constant total angular momentum have
to be combined with the Hamiltonian to obtain necessary and
sufficient stability conditions. * The completeness of damping
in presence of the integrals of motion can be determined by an
appropriate extension of Muller’s theorem. 3¢ A complete an-
swer to the stability problem can then be obtained and easily
implemented in a computer program.

Conclusions

In this paper we developed the equations of motion for a
system of interconnected deformable bodies with closed-loop
configuration. A classical tree configuration was associated
with the system by cutting a certain number of arcs in the
loops. The equations of motion were then derived in terms of
the associated tree variables and of the forces and torques in.
the cut arcs. In our formalism, these forces and torques are
equivalent to the Lagrange multipliers corresponding to the
kinematical loop constraints. As these constraints can in prin-
ciple be solved, it was shown how the Lagrange equations of
the system can be obtained. But for the purpose of the paper,
the equations were kept under the form of Lagrange equations
with constraints.

These equations permit the equilibrium synthesis by solving
a system of algebraic equations. The stability of a particular
equilibrium was also investigated from considerations on the
linearized equations about this equilibrium. Necessary and
sufficient conditions are obtained for completely damped
systems. These conditions can be expressed in terms of the
system parameters and are easily implemented in a computer
program. An appropriate package has been added to our
basic program relevant to interconnected deformable bodies.
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